A coincidence degree result is established to study sufficient conditions for the existence of nonnegative solutions of a semilinear equation at resonance in which the nonlinearity has at most linear growth. Nonnegative solutions to some boundary value problems are obtained to illustrate the theory.
The problem of existence of solutions in a convex set, or nonnegative solutions, for abstract semilinear equations at resonance has been recently considered by Nieto [20] , Gaines and Santanilla [9] , Mawhin and Rybakowski [19] , and Santanilla [22] . They have considered the problem of existence of solutions to (1) Lu = Nu in a convex set, where L: dorn LcI->Z is a Fredholm operator of index zero, N:X -» Z is not necessarily linear and satisfies a compactness property relative to L, and X , Z are real Banach spaces. Using the alternative method, Nieto [20] introduced sufficient conditions for the existence of solutions to Equation ( 1 ) in a cone, when the nonlinearity N is bounded. In this paper we shall use coincidence degree [8, 18] to present an extension of Nieto's result when N grows linearly and C is a wedge. Our result implies the Granas fixed point theorem and some results of Cesari and Kannan [3, 6] which have been extensively used in differential equations [3, 4, 5, 7, 15, 16] . We shall also apply our abstract results to discuss the existence of nonnegative solutions to some boundary value problems when the nonlinearity is a Carathéodory function and has at most linear growth.
Notation and Definitions. Throughout this paper we shall assume that L is a linear Fredholm operator of index zero; i.e. the image of L, im L, is closed in Z and dim(kerL) = codim(imL) < oo. It follows from standard results of linear functional analysis that there exist continuous projectors 7>: A -► A and Q:Z -» Z such that imP = kerL and kerß = imL. We denote by K : imL -> domL n kerP the partial inverse of L and by J an isomorphism from imQ onto kerL. We assume that 0 < \\K (I -Q)\\ < oo .
Let fid be an open bounded subset of X. We assume that N: f2 -► Z is L-compact on Q ; i.e. QN: Q -► Z and K (I -Q)N: Q -► X are compact on Í2. The reader is referred to [8, 18] for a complete discussion of coincidence degree.
Suppose there exists a continuous bilinear form on Z x X Finally, C will denote a wedge in X ; i.e. C is a nonempty closed convex subset of X such that aC c C for all a > 0. We shall assume that there exists a continuous retraction y: X -> C of C, mapping bounded sets into bounded sets. (ii) There exists R > 0 such that 4. The results in [9, 19, 22] do not assume (explicitly) any growth condition on the nonlinearity. However, they require the evaluation of a Brouwer degree. 5. The inequality (2) can be reversed by replacing J by -J (in (hi)). for all ugC . Then Lu-Nu has a solution in C.
This Corollary, which will be useful in the next section, is an extension of the classical Granas fixed point theorem.
Corollary 3 (Granas [11] ). If N: X -► X is a completely continuous mapping in a Banach space X and there exist two constants c, > 0 and 0 < c2 < 1 such that [\Nu[\ < cx + c2||w||, for all ugX , then N has at least one fixed point.
Proof. Take A = Z , L = 7 and C = X in Corollary 2.
The techniques in the proof of Theorem 1 may be used to obtain a version of Corollary 2 without the same growth condition on the nonlinearity. for some k G (0 ,1) and some ugX with ||u|| = p . We have P = IMI < A||7C0Am|| <kp < p , a contradiction. The result follows from the Leray-Schauder continuation theorem.
Note that Proposition 4 reduces to Rothe's fixed point theorem [21] when X = Z, L = I and C = X. For another extension of Rothe's fixed point theorem, via degree theory, the reader is referred to [18] . Granas' theorem has also been extended in [1] .
Examples. We shall apply Theorem 1 to obtain nonnegative solutions to If ß = j it follows that -1 < -0 -G{(s ,x)< Ö and, assumption (iii) of Theorem 1 follows from the second inequality in (7) and the proof is complete.
According to our abstract result the nonnegative solutions to (3) and (6) Finally we shall mention that coincidence degree has been used by Gaines and Santanilla [9] and the author [22, 23] to obtain nonnegative periodic solutions to systems of first and second order ordinary differential equations when the nonlinearity is continuous. In contrast to the results presented here, the arguments to obtain a priori bounds in those papers heavily depend upon the continuity of / on the first variable. For additional results on the subject, we mention the references in [9, 12, 17, 22, 23 ].
Finally we shall obtain nonnegative solutions to (7) u 1 f (n -s)x , 0 < x < s < n , G(x ,s) = -< it \ (n -x)s , 0<s<x<7t.
